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Abstract

The electronic structure of crystals has been often discussed in terms of the two
different electron concentration parameters: one the number of itinerant valence
electrons per atom, e/a, and the other the valence of the constituent elements. The
former refers to the number of electrons accommodated in the effective Fermi sphere in
the reciprocal space, while the latter static charges around the constituent elements in
the real space. In the present paper, we have determined both quantities in a
self-consistent manner for five elements Na, Si, V, Fe and Cu and two intermetallic
compounds NaTl and AlFe in the context of WIEN2k-FLAPW first-principles band
calculations. The value of e/a is equal to an average of valences of two constituent
elements Na and Tl in the polar compound NaTl, where charge transfer from Na to Tl is
significant. In transition metal-bearing systems like V, Fe and AlFe, the value of e/a has
to be deduced by applying the center-of-gravity method to allow us to define the
effective Fermi sphere. Here both e/a and valence no longer coincide with each other
because the former counts only itinerant electrons while the latter includes both itinerant

and more localized d-states as its definition. We also revealed that the elimination of

c/

wave functions with |

<0.2 to achieve the (e/a)nee by applying the

Plmax
center-of-gravity method gives rise to a substantial reduction in charges inside atomic

spheres while leaving those in the interstitial region essentially unchanged.
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Fig.1. Charge density line-profile along <100 direction for Na (cl2).
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BERD. Xv v TORBELZRL 2OICEOMEN A S, (e/a)ne=4.00 2315 5

2

nTwnb [6,8]. DI/ IMEIL ela=4.0 IZ2BWT 026 THY . 0.2 #+

J
Ckl'+G

P Imax
TR D DT, T OMEFHDOEFITETBEEL SHmT .

Si (CF8) Al 1~y B 1~k 4~ 2 Bl 8 L A3 AT 1L (011) i 372 oD y=z il £ C
R &N ZORERIL Fig. 2(a), ()IZ 2 O £ SiFTORLE & & bR

(a)
<

Z

(8 7/8 8)

E‘I."EI

(718 pra/ard)

Y

x-direction

(BN (5/8 T8 5/8)

04 08 1.2 1.6 20 24 28
y=Z
Fig.2. (a) Si atoms on the y=z plane in the unit cell of Si (cF8), (b) Distribution of
valence electrons over the (011) or y=z plane (see yellow-highlighted plane in (a)).
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Fig.3. Qs as a function of |C|?,, for V (cl2). A red arrow indicates
the smallest value of |C|?,, corresponding to (e/a),==0.9.
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Fig. 4. Charge density line-profile along <111= direction for V (cl2).
The red dashed curve represents the charge density in the NFE approximation
obtained after eliminating itinerant electrons with |C|2 < 0.45.

3.4 Fe (cl2)
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Fig 5. Charge density line-profile along <111= direction for Fe (cl2).
The red dashed curve represents the charge density in the NFE approximation
obtained after eliminating itinerant electrons with |C|?, <041
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Fe (CI2)IZxt9 2 <111>H [ DEMBEED F A+« 71 7 7 A LEFig. IR
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Figure 6. (a) Distribution of valence electrons over the (011) plane in Fe (cl2).
Anisotropic charge distribution with two-fold symmetry is highlighted by
yellow. {b) Corresponding distribution of valence electrons in the NFE
approximation. The Wigner-Seitz cell is marked with black dashed line.
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IHFEEOEENRD HD. Figs (D) bR FERNICIR2100% Fr 2 B Jf 74k
72 Fe-3dRRE DR & M BEHEIR T IR & L TR S D T LIFTBIRTZR .

3.5 Cu (cF4)
Cu (cF4)DeladDfE L E .LMEZF 72 THume-Rothery 7’ &2 v MMZEBWT 7 =

wiﬁﬁmxﬁégmwcﬁ> % BT S = L THRD 5. BRRIT
Ep

[ZZDALEWIXT L CERAT % Z @ JikiZlocal reading 75 & FEEIL TV D [6, 8].

Z 9 LCCu (CFAIZHT L T (efa)oa=1.0732 5415 Fig. 31077 L7V (Cl2) D84 &

2

A& 1Z . Cu (cF4) D Q- v v kX b VEC=e/a=1.0l BT %

Plmax

k+G

. 2
‘C{(ﬁGP‘ DIEIF0.44TH D Z & wHERR L=, ZiL L Y local readingi: Tk &
max

Nicela=1.0% /2 T2 TOEFITHITBER TH 5 2 & s k.
Cu (CF)IZxT H<011>H M DEBMRBEE T A >« 7 v 7 7 A )V&Fig. TITRT.

Wigner-Seitz cell
10 T - 20
Cu (cF4) i “
— LAPWS
glll -~ NFE .
g% | § | 2
S | 110 5
T | : o
4} :

% Z_. ._Z %
S Ll H05 &
Cu Cu Cu
(0D00) (01/21/2) {011)

Fig.7. Charge density line-profile along <100= direction for Cu
(cF4). The red dashed curve represents the charge density
obtained after eliminating mostly Cu-3d electrons with |C|?, < 0.44.
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JRA BRI R OV IR IR STV D A Qyg & QrplEENZEN9.8L1.2TH
D NSO DT, EOFNE Qg =0y +OppF1LTH Y | CUNVEC=11L
—EH9 5. Cu (CFA)DMEIEE HJR 281 D10 D3d-E 25 2 72\ oD T,

1.0?&) }:) . :h&i(E/a)mcaFl.Oﬁ:#ﬁ'ﬁ—é [6, 8].

2

. | ,
Ows - le( 7a v Tela=l.0%#k 2 5 ‘C{(ﬁcp‘ <0445 BB
max

.+G
1P Imax

BRNTCEBMEET A v« a7 7 A VEIER LTZ. Fig. TIZHROMGHR CTRT XL 5
2, JRFERNOBRNAKRE LS BN, 20— T, FTHEROEFIZIEE A
EBER TN ERbinD. ZOFEFET, 10l O3d-E IR ERNIC IR
EL TS Z EaERL, ZDOL0EDORNIEMR3d-EF ARV Tl ZLE L2
LEIEYET D,

B%I, B3 Tik_7=5->mI%Na (cl2), Si (cF8), V (cI2), Fe (c12), Cu (cF4)(Z %t
%045, Or + Ows, valence &k UeladD i % Table 112 % & TR

Table 1. Charges, valences and the number of itinerant electrons per atom, e/a, for five

clements and two binary compounds

[+

Systems Ous O Ows valence e/a
[3]
Na (cI2) 0.2 0.8 1.0 1 1.01
Si (cFR) 23 1.7 4.0 4 4.0
V (cI2) 22 2.8 5.0 5 0.90
Fe (cI2) 6.1 19 8.0 8 1.05
Cu (cF4) 0.8 1.2 11.0 1 1.00
NaTl Na 0.23 0.62 0.85 0.85 2.1+0.1
(cF16) Tl 1.52 1.63 3.15 3.15
AlFe Al 1.9 0.9 2.8 28 1.9+0.1
(cP2) Fe 7.6 0.6 8.2 8.2

Q45 : charges inside the atomic sphere (AS)
Qjp: charges in the interstitial region (IR)
QOws : charges in the Wigner-Seitz cell (Qys =045 +Qir)
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4. T RLEMITEIT Delal M DORIE
4.1 NaTl (cF16)t.&4°

fiLCfitivie & 912, 19304FRIZZIntNE K 5731 A =T Wi LikE, Zofbs
WEEIZZIntIFR L FEEIL D K 912272, Zintl [16-18]i2 L iviX, NaTHb&EMIck
WTIE, KV EREMEEO/NSONah S L EBREEEORKE WTNZ AT CE
BB ORES ., NaTl (CFIBMLAIETIA A BaliDfaA 4> Lo Thinb
TN—TVUDTEHESIO L HNZHF A TE Y REEER L, T OBRBIINa A 4
UIHDIAENTND E WO IR Y e L FER LT, T, EERITE
DOREE ZRNT T D BUCHAE S LIZLIESITHEN TV D KEDRHiB TH 5.

Smetana et al. (2012) [19]i%, Na% & ¢e %k &t OO Hume-Rothery 88 - FE HI & 5 i
T DB, NaTID & 95 7 Zintb &) & elaffi | C3<ela<d D Z 55 & EEL
7o B BIXZInlDZE X AZHEV, MEDTIA U BNEA T E - NigiEL e & & 2
TWenbiZEBbnsd. —J ., Mizutanietal. [4, 6, 8li%NaTl, AlLi% D Zintl{t. &
¥y % FLAPW-Fourierfig#t L. (e/a)nee=2.0%%537-=. ZAliXSmetana et al. & (Z K& <

RILDMRTHD.
2

Cl. | 7oy bEfTorfif, ZOMEFHORE SN
1 =p

max

AN Oy -

. 2
Clyrg,|  >02& R T Cin % = & &R LIz, ZintlAsihise & 5 725
max

BIpA A URER TR < A ZANFERE TS 2 FF o &R & b o 7.

Fx X, NaTl (CF16){b&a®) (K1 Ea=7.47 A) I BT Z M tENak U TID
Mz e+ 5 2 & 2k, FLAPW-Fourieris TR ¥ 7= (ela)ne=2.0 & BE 5 7>
E 9 MEFAT. Fig. 8 (@) & (D)ITENENEOHENIaDY=2, T725H, (011)if
LOJRFES & Z O EOMEFHEFOEMAIMERT. @BV TH ED
NaJii - CHENTZHADR TN OUZHI I TV D, (b)) TIHAR AR VEE,
BRIBENBN EEBRT 5. 2oy bEMEINaR - EX Y TR T
DEICEVBENRSI DML TNDEZ ENbNS. £ LT, BT ATUR /I
IFHRWEES R ROVERLTWD.

3 Pearson's Handbook [9]1= U % k SFL TV % NaTl (LAY OREREIZZEMIEE Fd3m, No.227 % 55
Na-8a(000) & TI-8b (1/21/21/2) & L CRtik & T\ 5. ZE[MRE Fd3m TIXFUAGERIR O B H A
HY . WIEN2K [6]% & 5 ¥ 53541 Na-8a (1/8 1/8 1/8) K O¥ TI-8b (5/8 5/8 5/8)\Z FEFE &9~ &5 L Cfiff
IMENDD.
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Fig.8. (a) Atoms in the unit cell of NaTl {(cF16). {b) Distribution of valence electrons over the
(011) plane in NaTl (cF16). The atomic radius r,s=1.32 A is assigned to both Na and TI
atoms. The value is normalized to 0.18 relative to its lattice constant of 7.47 A. The thicker
the red color, the higher the charge density is. The charge transfer is clearly seen between

unlike neighboring atoms.
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Fig 9. Charge density line-profile along <111= direction for NaTl (cF16).
The regions of atomic spheres and interstitials are highlighted by light
blue and yellow, respectively.
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24 2 Naf& O TIOWigner-Seitztz /L1 Zcombined Wigner-Seitz & /L & FEIZN 5. Fig.
9lZ1F2xf P> combined Wigner-Seitz Z /L 23 i u T 5. 58FR 3~ & sUTA HHE
TR TONIERTERE DERLZBY > TEMNBESMNAREE 2H-Z &
THD. ZHUTBEBKEMNE O/NSWNan b Z OMENRKE WTNSH D> CTEHRE
BN E CTWAIHLTH 5.

1k ot FENa D JF - ERN K OV S8 CRE Sy L 72 BB AT & I1X £ 102 410.23 & 0.62
ERE I, — . TITIEENENLE2L1.63TH o7, - T, Nak OTIR

+DOWigner-Seitz & /U ICINE S 5 B Q SR Q IXZEN<E40.85L3.15L 7

%. ZHUANaTI (CF16)IZ 81T ANa OTIURF Dk & 72 5. BRRICIX., 1+
BH7- 0 015D EFBNaEL 0 HEHET 2 TUR FIZBEI L TW\WD Z & 2 ERT
%. Allen®NaMK OTIOESEMEILZ 1 E40.869, 1.789TH D [6,8]. D7
&L Bvan Arkel-Ketelaar =X THO A F s, ARG E. # L T4
JRAE B FEIXENZEI38, 22,40%1272 % .

NaTl (cF16)(Zxfd %ela=2.01F ik F-22[H] THEZE L 7oA 2072 7 = /L L BRDMNAE
THURTHT7- 0 BEE A EWRT 50T, BAIIZHMA L TV LIBEE O
EEOBEMBEIEICA Y T 5. NaTl (cF16){b &Iz H51) HNa, TIOAHi%40.85 & 3.15
DIWJF2.0E 700 Wik 22 TR O 7-efa=2.0 & —E 9 % . Smetana et al. [19] 73
Zint{b B Wik A 3<ela<d DFEIRICE W - DIXIE L L W0 EfsiwT 5.

4.2 AlFe (cP2){L.A&W

AlFe CPOLEW 2 BATHBIZ — o5 5. = O— DI IliE 4 A BN 72 sp-
BT & REMEO RO Fe-3dE T b 72 2 R BB e BRIk Th o2 L. b
I —ODFLLIOEALAEM TH DD, Allen D ER FEMEE % ff > Cvan
Arkel-Ketelaar = f BIZ BV T A A U FEAEL10%, ARG E40%, %E%“Sé\fﬁ
B0%ITAT BT 5 2 ENE-x D LTWAZ L THhAI6, 8. Fig. 10 @& U(b)IC
ZIZELAIFe-s, AlFe-p, AlFe-d, AlFe-fEE 1 D 43 {R &% £ & Hume-Rothery 7 &+
R (OIZBNT T /b AL LRI TR NFEIT B L 72 43 B D 22
X, ZolbaEMD(la)ne=1.9%15. Z DOfEl(e/a)a=3 & (e/a)re=1.05DH % T
Y)ff(ela)a=2.0 £ 1EIE—ET 5.
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Fig.10. (a) s-, p-, d-electron partial DOSs and (b) the Hume-Rothery plot for AlFe (cP2). In (b),
the red NFE line denoted as NFE (L=1) refers to the dispersion relation calculated from the
center-gravity method. Green dots refer to data points satisfying the itinerancy condition = 0.2
in equation (7) and grey curve to the dimensionless variance (see more details in [6, 8]).

2

AlFe (CPZ)a:;(“—J“d—%) QWS - ‘C£'+G 7uy h&fTH 2 LT, (e/a)NFE:1.9K%
PP Imax

. 2
W \c{(ﬁGp\ 127 OR/ME0A0E L 5 = & DT, Tbb, ELET
max

. 2
HhH L 7= (ela)nee=L.918 O i %%%&ié“(‘c{(ﬁcp‘max 504047 LT\ 5

Fig.11. (a) Atoms in the unit cell of AlFe (cP2). (b) Distribution of valence electrons over
the (011) plane in AlFe (cP2). The atomic radii ry;,=1.03 A (or 195 a.u) and ry,
r==1.16 A (or 2.20 a.u.) are assigned to Al and Fe atoms, respectively. They are
normalized to 0.35 and 0.40 relative to its lattice constant of 2.90 A The thicker the red
color in (b), the higher the charge density is. The charge transfer is clearly seen
between unlike neighboring atoms Al and Fe.
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Ll EMERLT.

Fig. 11(a)iZAlFe (cP2)D HifL i & y=27"727>H (011 FIZF 5 A0 0 0) &
FeJi1 (1212 12)%~¥. £ L CZ D L TOREMEE DA 2 (D) ~7. Al Fe
JEF-DJE Y O THE < PR FEROWIm CdH 0 | #7EH(a=2.90 A) THIKAL
L72JRFERD I3 11 2410.35, 0.40TH 5. Wigner-Seitz& /L D55t 1Lk TRl
L7z, ()X, XuBESEMEED/NS WAL (4 a=1.613)2005 X 0 EXEME DK
TV F(x re=1.80)IZ[M D> TEMBENNEE TWDH Z N0 5.

Fig.121%(011) [ LD Al, FedWigner-Seitzt /L DI, JRFERO Wi 2 7~

Fig.12. Schematic illustration of charges accommodated in atomic spheres
and interstitial regions in Wigner-Seitz cells around Al and Fe atoms on the
(011) plane in AlFe {cP2). (See also Table 1).

% U CEMEE DM D O RO TZFeJiiF DI 7B & T gHIIC I 1 2 B &%

nznolE =76 R0 =06, KLOAIET O R 75N & shlESICE T 58
Rz Zn 0k=19R ol =09%TA L. ftoT. FREVGAD

Wigner-Seitz = A I 13 = n £ h 0h%=005+0f=76+06=82 ,
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O =0+ =19+09=28 DEMNAINTND Z LIchD. Thbb,

Fel AlDfiif L L TENENB2L2803 5 iz, Z OF1ITAIFe (cP12){t & D
VEC=(3+8)20EFK L FJE L2, U+ &H7- 0 Al 5 Fell0. 28 D EF- S Em i
LWL EITRhD.

AlFe (cP2)IZ B TAI L FeDAMEL DOFLAE)IFE.5TH U | ZAUIXFig.10(b) 127~
L 7-Hume-Rothery 7" 12 »» M ZEWTNFEITEL & 1T > THE 7= (ela)nre=1.9 & K& <
Bl h. fi23 TR LS, el +H7- 0 OEREE OB THY . BE
PED BV Fe-3dE FIEFR LTS, —J7, MEIIRIEROEWD-E T b 3 O
I ENNET HEMEICE L. ZOERKMLEZDOTHD.

NaTl (cF16) % FAlFe (cP2)IZxt L THER TR D Qy5, Orp KT Oprg DA,
%% L CelaDfi Z Table L2 FE & 7=,

fEam & LC. 5> Jt#Na (cl2), Si (cF8), V (cl2), Fe (cl2), Cu (cF4) KL U2> D%
4 B LA INaTI (cF16) K TAIFe (cP2)IZ-ou ™ Tela & %k % [FI B (2 3EAf 9~ %
ZEOBEEVEAER L. EOBEBITHE 2 TR 5 E iR Eelal X A
TYHb ST EBMEE WD OITH LT, MEIIERc R OBMBE S EE
HLIZEMETHY ., ZOVEIE L elaDBRETND Z & OKRY) S Z 50 L7z,

FOEIC X 2 BEE O A4 JE22 M TR, FRBEROEROMICITE
WEFBEG 2T, Lo XL FERNOBR ZHIRT S Z & TEHETLHZ LN
e biviz. JRFERNOEFIZREEA DN EWEF TH DL Z LRI,

Eirss
AT IR (GARIFE(C): 17K06780)DIES TiTbT-. Z ZITK# D=
BRTD.

2B SR

W. Hume-Rothery, J. Inst. Met., 35 (1926) 295-361.

N.F. Mott and H. Jones, "The Theory of the Properties of Metals and Alloys";
Clarendon Press: Oxford, U.K., 1936; Dover Publications Inc.: New York, 1958.
H.Sato, M.Inukai, E.S.Zijlstra, U.Mizutani, Philos.Mag. 93 (2013) 3029.

4. U.Mizutani, H.Sato, M.Inukai and E.S.Zijlstra, Acta Physica Polonica A, 126
(2014) 531-534.

W

A .

w

21



10.
11.

12.
13.

14.

15.

16.

17.
18.

U.Mizutani, H.Sato, M.Inukai, Y.Nishino, and E.S.Zijlstra, Inorg. Chem. 54 (2015)
930-946.

KREF—H, EE—, e a—2a - v P U —BErREAOWHY], (NH
EEGIH, 2015).

U. Mizutani and H. Sato, Philos.Mag. 96 (2016) 3075-3096.

U.Mizutani and H.Sato, "The Physics of the Hume-Rothery Electron Concentration
Rule", Crystals 7 (2017) 1-112.

U. Mizutani and H. Sato, Philos.Mag. 98 (2018) 1307-1336.

T.Homma, U.Mizutani and H.Sato, Philos.Mag. 100 (2020) 426.

U.Mizutani, H.Sato and T.B.Massalski, Progress in Materials Science,
https://doi.org/10.1016/j.pmatsci.2020.100719

P.Ghosez, J.-P.Michenaud and X.Gonze, Phys.Rev. B 58 (1998) 6224-6240.
P.Blaha, K.Schwarz, G.Madsen, D.Kvasnicka, and J.Luitz, "WIEN2k", available at
http://www.wien2k.at/, last accessed on April 5, 2021.

Villars,P. Pearson’s Handbook; (ASM International: Materials Park, OH, USA),
(1997).

G.K.H.Madsen, P.Blaha, K.Schwarz, E.Sj6stedt and L.Nordstrom, Phys.Rev. B 64
(2001) 195134-195142.

S.C.Sevov, "Zintl Phases. In Intermetalllic Compounds, Principles and Practice:
Progress”, Westbrook, J.H., Fleisher, R.L., Eds.; (John Wiley & Sons, Ltd.:
Chichester, UK, 2002), Volume 3, pp. 113-132.

E.Zintl and G.Woltersdorf, Z.Electrochem., 41 (1935) 876-879.

E.Zintl, Angew.Chem., 52 (1939) 1-6.

V.Smetana, Q.Lin, D.K.Pratt, A.Kreyssig, M.Ramazanoglu, J.D.Corbett, A.l. Goldman
and G.J.Miller, Angew.Chem.Int.Ed., 51 (2012) 12699-12702.

22



